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Abstract 

 

In the paper several tests of the hypothesis of no cointegration against logistic smooth transition 

(LSTR) cointegration are suggested. The tests are similar in their underpinning to the Kapetanios, Shin 

and Snell (2006) tests against exponential smooth transition (ESTR) cointegration. Furthermore, four 

test statistics to jointly test for LSTR and ESTR cointegration are considered. In the empirical part of 

the paper the sticky-price monetary exchange rate models are examined. The exchange rates 

considered are the official Czech Koruna and Polish Zloty nominal exchange rates against Euro and 

U.S. Dollar, announced by the appropriate national banks. Our nonlinear cointegration tests are able to 

find stable long-term relationships, whereas the linear-based tests fail. Due to this our empirical 

investigation makes it possible to explain the observed long-lasting misalignment of exchange rates 

with economic fundamentals called an “exchange rate disconnect puzzle”.  
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1. Introduction 

 

Over the last twenty years the interest in nonlinear time series analysis has been steadily 

increasing. In macroeconomic and financial applications the most popular models are piecewise linear 

models which allow for regime-switching behavior. Among these specifications a very important class 

of models constitute smooth transition autoregressive (STAR) processes. A general STAR model is 

given by: 
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where the εt’s are assumed to be a martingale difference sequence with respect to the history of the 

process and the transition function )(⋅F  is a continuous function, usually bounded between 0 and 1. In 
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the STAR models discussed in [22] the transition variable st is assumed to be a lagged endogenous 

variable, i.e. dtt ys −= . Following [23] we relax this assumption here allowing st to be a function of 

lagged endogenous variables. The most popular specifications of the transition function )(⋅F  are the 

U-shaped exponential function: 

[ ] 0,)(exp1)( 2 >−−−= γγ cssF tt , (2) 

the first-order logistic function: 

[ ]{ } 0,)(exp1)(
1 >−−+= − γγ cssF tt , (3) 

and the second-order logistic function, which is also U-shaped: 

[ ]{ } 0,,))((exp1)( 21
1

21 >≤−−−+= − γγ cccscssF ttt . (4) 

The transition function of interest here is the first-order logistic function (3) and the resulting STAR 

model is the first-order logistic STAR (LSTAR) model. The function (3) changes monotonically form 

0 to 1 as st increases, whereas the parameter γ controls the smoothness of the transition from one 

regime to the second. As γ becomes large, the transition becomes almost instantaneous at cst =  and, 

as a result, the function (3) approaches the Heaviside indicator function }{ cst
I > . Due to this the first-

order LSTAR models nest two-regime threshold and momentum-threshold autoregressive models that 

might be seen as a limiting case of LSTAR processes. This two-regime type of behaviour is 

convenient especially for modelling business cycles asymmetry to distinguish expansions and 

recessions, while the U-shaped transition functions (2) and (4) allow for the existence of a band 

around an equilibrium value accounting for the presence of transaction costs. It is worth noticing that 

as ∞→γ , a second-order logistic STAR model approaches a restricted three-regime SETAR model, 

with the restriction that the outer regimes are identical. 

It is now well recognised that standard unit root and cointegration tests like the ADF test and the 

Engle-Granger and Johansen procedures are not appropriate for investigating nonlinear processes (see, 

for example, [8]). In the context of the interplay between nonstationarity, cointegration and 

nonlinearity two main problems arise. Firstly, the standard linear tests lack their power in the case of 

stationary nonlinear processes. Secondly, even more dangerous problem seems to be serious size 

distortions in the case of nonstationary and nonlinear processes, which can be wrongly recognised as 

stationary ones. The paper contributes to a strand of research attempting to shed more light on the two 

questions, with special emphasise on the first one. It is quite obvious that misspecifying a stable 

nonlinear process as a nonstationary one can give misleading impulse responses and a worse post-

sample performance. Additionally, allowing for nonlinear adjustment processes enables to find long-

term relationships where linear cointegration tests fail. Several authors have addressed this questions 

and suggested unit root tests against specific nonlinear alternatives (see, for example, [3], [9], [11], 

[12]) as well as tests of the hypothesis of no cointegration against an alternative assuming a particular 

nonlinear stationary dynamics (see [10] and [13]). In the paper four tests of the hypothesis of no 
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cointegration against logistic smooth transition (LSTR) cointegration are developed. The tests fill the 

gap in the existing econometric literature being similar in spirit to the Kapetanios, Shin and Snell [13] 

tests against exponential smooth transition (ESTR) cointegration. Further four test statistics are 

suggested to jointly test for LSTR and ESTR cointegration
1
. The theoretical considerations in the 

paper lead to a specification procedure, which can be helpful to distinguish between linear, LSTR and 

ESTR cointegration. The modeling procedure resembles the well-known Teräsvirta procedure (see 

[22]) to test for LSTR and ESTR linearity of stationary time series. 

The rest of the paper is organized as follows. Section 2 develops in detail the tests for LSTR 

cointegration. Section 3 outlines the specification technique and indicates possible modifications and 

extensions of the tests. In Section 4 empirical examples concerning exchange rate models are 

provided. The empirical investigation makes it possible to explain the observed long-lasting 

misalignment of exchange rates with economic fundamentals called an “exchange rate disconnect 

puzzle”. Finally, Section 5 shortly concludes.  

 

2. Tests for LSTR cointegration 

 

To begin with we consider a zero mean LSTAR process in the form 
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where 0>γ , 1−= tt zs  or 1−∆= tt zs , and ),0(~ 2σε iidt . Such a process may be seen as a 

generalization of a two-regime TAR(1) or M-TAR(1) (momentum-TAR) process (see [9]). After 

rearranging (5) we obtain 
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with 111 −= πρ  and 22 ρπ = . As ∞→γ , the process approaches a TAR process in the form 

>++

≤+−
=∆

−

−

csz

csz
z

ttt

ttt
t

for      )(

for      )(

121

121

2

2

ερ

ερ
ρ

ρ

. (6) 

Conditions for the process (5) to be stationary are the following (see [9], pp. 59-60): 

                                                 
1
 As will be explained later in the text, by smooth transition cointegration we understand a linear long-term 

relationship with a nonlinear adjustment process of a STAR type. However, smooth transition cointegration may 

be also thought as a nonlinear long-term relationship in the form of a smooth transition regression. Such a 

concept was developed by Choi and Saikkonen (see [6]) and the authors refer to it as cointegrating smooth 

transition regression. 
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Testing for linearity of the process (5) consists in testing for H0: 0=γ . However, the test cannot be 

performed directly as under the null hypothesis the parameter 2ρ  is not identified. To overcome this 

problem we follow Luukkonen et.al. (see [17]) and use the Taylor series approximation to the logistic 

transition function around 0=γ . The first-order Taylor approximation to the function 

2
11))exp(1()( −−+= −xxF , where )( csx t −= γ , is given by xxT 4

1
1 )( = , while the third-order 

approximation is 3
48

1
4

1
3 )( xxxT −= . The two approximations give the following auxiliary 

equations: 

ttttt szzz εαα ++=∆ −−− 12111 ,  (8) 

where 411
2γρρα c−= , 42

2γρα = , and  

ttttttttt szszszzz εαααα ++++=∆ −−−−−
3

14
2

1312111 ,  (9) 

where 48411
2

33
2 ργγρρα cc +−= , 1242

2
32

2 ργγρα c−= , 123
2

3ργα c=  and 484
2

3ργα −= . Now we can 

derive joint tests for a unit root and linearity (a linear unit root). As our transition variable is either 

1−tz  or 1−∆ tz , the test equations are the following: 
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with the null hypothesis H0: 021 == αα  in the case of the regressions (10) and (11), and H0: 

04321 ==== αααα  in the more general settings (12) and (13). To test the null hypothesis of a 

linear unit root we suggest using an F statistic in the form 
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t
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1

2
0 , SSR1 is the sum of squared residuals from the appropriate test equation and k 

stands for the number of estimated parameters. Further in the text we use the notations 02F , ∆
02F , 04F  

and ∆
04F  for test statistics based on regressions from (10) to (13), respectively. 
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 It is worth noticing that the first-order Taylor approximation to the exponential transition function 

leads to the test equation in the form
2
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where 2
2

11 γρρα c+= , 22 2 γρα c−=  and 23 γρα = , which under 01 == cρ  reduces to  
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In the case of the second-order logistic function we obtain the same test equation (15) with 
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 Following [12], when the process under study has a nonzero mean or a nonzero linear trend, we 

suggest using the de-meaned and de-trended data, respectively.  

Now we can turn to tests for cointegration
3
. To this end we take the pragmatic residual-based two-

step approach, where in the first step the OLS residuals ttt yu x−=  are computed ( ty  is an 

endogenous I(1) process,  is a k×1  vector of parameters and tx  is a 1×k  vector of weakly 

exogenous with respect to the parameters  I(1) processes. To accommodate for deterministic 

components we consider also regressions based on the de-meaned and de-trended data
4
, i.e. 

∗∗∗ += ttt uy x ,  (16) 

+++ += ttt uy x ,   (17) 

where the superscripts ∗  and + denote the de-meaned and de-trended data, respectively. To test for 

logistic smooth transition (LSTR) cointegration we suggest using the equations (10)-(13), in which the 

variable zt is replaced with the residuals tu  or their de-meaned or de-trended counterparts defined in 

(16) and (17). Taking into consideration that the Engle-Granger testing procedure lacks its power 

when the so called common factor (COMFAC) restrictions are not fulfilled
5
, we introduce also ECM-

based tests for LSTR cointegration, in which the following test equations are utilized: 
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2
 Compare [12] and [13]. 

3
 In our testing framework we analyze one cointegrating vector only. 

4
 We assume a linear deterministic trend - compare [13]. 

5
 See, for example, [15]. 
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where ],,,[ 1 ktttt xxy=′w , 0 , pii ,,1, =  are appropriate vectors of parameters and tε  is an 

iid error term. As previously, the residuals form the first step of the testing procedure may also come 

from the regressions (16) and (17). To test for the joint hypothesis of no cointegration and linearity we 

suggest using F tests of the hypotheses 021 == αα  and 04321 ==== αααα  in (18) and (19), 

respectively, where the test statistics are computed as 
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where SSR0 and SSR1 stand for the sums of squared residuals in the restricted and unrestricted models, 

respectively, and k is the number of restrictions. Further in the text the LSTR cointegration test 

statistics based on equations (10)-(13) will be denoted by EGkF  and ∆
EGkF  to underline similarity to 

the well-known Engle-Granger approach, while the ECM-based tests - by NECkF  and ∆
NECkF   - as they 

utilize specific nonlinear error correction models. 

It is worth noticing that the equation (20) nests the test equation for ESTR cointegration suggested 

in [13] that has the form 
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Due to this our 4NECF  test might be thought as a joint test for LSTR and ESTR cointegration. We 

attribute a similar interpretation to the ∆
4NECF  test as well as to the corresponding Engle-Granger-type 

tests, i.e. 4EGF  and ∆
4EGF . 

  

3. General remarks, modifications and extensions  

 

Having derived the testing framework several remarks are at place. Firstly, we notice that our tests 

of the joint hypothesis of a unit root and linearity will generally have power against some 

nonstationary and nonlinear processes. Although it is not very likely that an economic process is 

generated by an equation in the form 

ttt zz εα +=∆ −
2

1 ,  (24) 

if it is the case, our tests based on (10) and (13) should reject the null hypothesis. It is, however, 

straightforward to see that the process (24) is nonstationary even in the first moment. A more realistic 

case refers to a process in the form 

tttt zzz εα +∆=∆ −− 11 ,  (25) 



 67

which approximates the unit root bilinear process suggested in [5] to describe bubbles in stock prices 

under small bilinearity. Another example concerns the so-called partial unit root process (see [3]), 

which can be thought as a limiting case of the process (5) under 021
2 =+ ρρ  or 021

2 =− ρρ . The 

partial unit root processes and the resulting partial cointegration analysis were suggested in [2] as a 

way to describe deviations of stock prices from their long-term values determined, e.g., by the present 

value relationship, as well as relationships between short- and long-term interest rates.  

The above remark relates to a general problem of size distortions in unit root and cointegration 

tests under nonlinear processes (see, for example, [5] and [8], pp. 58-68, for a discussion about size 

distortions under nonlinear processes in the case of the standard Dickey-Fuller test). As it is easily 

seen from the derivation of the parameter α1 in the equations (8) and (9), the ADF test may show size 

distortions in the case of nonstationary LSTAR processes and its particular performance will depend 

on the value of the parameter c. We notice also that the same problem concerns the NECF  test of 

Kapetanios et. al. (see [13]) utilizing the test equation (23). To circumvent the problem one may be 

interested in supplementing the testing procedure with certain co-mixing tests as suggested in [4] and 

[8], pp. 217-219. However, as our main motivation was to derive tests for LSTR cointegration, we are 

much more concerned with a power evaluation of our cointegration tests. The power of the tests was 

investigated in a companion paper [1]. Similarly to [13], the companion paper documents significant 

power gains over the standard testing framework.  

 The tests we developed so far let us suggest a specification procedure to distinguish between 

linear, ESTR and LSTR cointegration in a way similar to the well-known Teräsvirta (1994) procedure 

to test for STAR nonlinearity. The specification technique takes advantage of the general to specific 

modeling and starts with the most general F4 tests of the hypothesis H04: 04321 ==== αααα . If the 

null is rejected, the general conclusion is that the process under scrutiny is not a linear unit root 

process
6
. The conclusion combined with results of some co-mixing tests can be thought as an evidence 

on (linear or nonlinear) cointegration. The next step consists in testing for the significance of the last 

parameter α4 in the regressions (12), (13), (20) or (21) with the ordinary t statistic, which under 

stationarity of the underlying process and normally and identically distributed errors has the usual 

Student’s t distribution. The test of the hypothesis H0: 04 =α  against the two-sided alternative will 

provide two main indications. If the null is rejected, first of all we conclude that LSTR cointegration 

takes place. Secondly, the sign of the parameter 4α  will give additional information about the LSTAR 

adjustment process, i.e. if it is negative, the process under scrutiny is more mean-reverting in the first 

regime than in the second, while if it is positive, the opposite is true.  

                                                 
6
 Taking into consideration that the F4 tests may have low power as they are testing four coefficients, in the case 

when the null is not rejected, we suggest executing also the subsequent F3 and F2 tests as well as the standard 

Dickey-Fuller test.  
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If the null is accepted, we turn to testing the conditional hypothesis H03: 0|0 43 == αα . Rejection 

of H03 after accepting H04 may be treated as an indication for the presence of ESTR cointegration, but 

only if the parameter 3α  is negative. If the null H03 is accepted, the subsequent conditional hypothesis 

should be tested, i.e. H02: 0|0 432 === ααα . Rejection of H02 after accepting H03 may be treated as 

an evidence on the existence of LSTR cointegration. This time, if the sign of the parameter 2α  is 

negative, one can conclude that the LSTAR adjustment process is more mean-reverting in the second 

regime, while if it is positive, the parameter 2ρ  is greater than 0 and the process behaves ‘more 

stationary’ in the first regime. If the null H02 is accepted, the most likely dynamics is the linear one 

and, as a result, we conclude that linear cointegration takes place. 

Having discussed the specification procedure for STAR adjustment processes one additional 

remark is at place. As rejections of our null hypotheses might generally be due to the presence of 

certain nonstationary nonlinear dynamics, it seems useful to separately simulate appropriate critical 

values for tests of significance of the last parameters in our test equations under the null of a linear 

unit root. Such tests might be useful to state what kind of nonlinear dynamics is directly responsible 

for the rejection of the hypothesis of a linear nonstationary dynamics, with special emphasis on the 

bilinear and partial unit root cases. We do not develop this idea here leaving it as a subject for further 

studies. 

Now we shortly comment on further modeling issues and possible modifications of our tests. 

Firstly, we notice that in the case of serially correlated errors the test equations (10)-(13) and (15) can 

be augmented with lagged differences of the process under scrutiny with the number of lags chosen 

according to standard model selection criteria. We treat the linear augmentation as a first-order 

approximation to a possibly nonlinear dynamics of the error terms. Alternatively, a semi-parametric 

correction advocated by Phillips and Perron (see [20]) might be used.  

Furthermore, a direct generalization to the multivariate framework is also possible. To this end we 

suggest applying the idea of Seo (2004) and Krishnakumar and Neto (2005), who developed the 

appropriate methodology to test for threshold cointegration in threshold vector error correction 

models. Let us consider a smooth transition vector error correction model in the form 

tpptttttt csF xxxxx +′∆++′∆+′+′=′∆ −−−− 112111 ),;( λ ,  (26) 

where tx  is a 1×k  vector of zero-mean I(1) variables,  is a 1×k  cointegrating vector that may be 

known or estimated by the OLS method, 1Θ  and 2Θ  are 1×k  vectors of parameters, ,,,1, pii =Φ  

are kk ×  matrices of dynamic coefficients and t  is a multivariate white noise. The variable ts  is 

assumed to be either x −′t  or x −′∆ t . Denoting x ttz ′=  and using the third-order Taylor 

approximation to the logistic transition function we can replace (26) with an auxiliary model in the 

form 
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tpptttttttttt szszszz xxAAAAx +′∆++′∆++++=′∆ −−−−−− 114
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To jointly test for linear, ESTR and LSTR cointegration we put the following hypothesis H0: 

0AAAA ==== 4321 , which can be tested with the standard Wald test. Further considerations lead 

to a specification procedure similar to the one described before and to allowing for deterministic 

components in the processes under scrutiny. 

 Our last remark refers to the problem of constructing a test of a linear unit root against a stationary 

alternative of an LSTAR type, i.e. a test which will directly test stationarity in the LSTAR framework. 

To this end we consider an LSTAR process in the form 
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where 0>γ , 1<b , 1−= tt zs  or 1−∆= tt zs , and ),0(~ 2σε iidt . The transition function in (28) takes 

its values in the intervals )1,1( b−  if 0>b , and )1,1( b−  if 0<b , while under 0=b  the process (28) 

becomes a linear autoregression. To simplify our consideration we assume 0=c
7
 and after 

rearranging (28) we obtain 
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with 111 −= πρ  and 22 ρπ = . The LSTAR model (29) nest as a limiting case an TAR (M-TAR) 

model in the form 
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Conditions for stationarity of (30) are the following 
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As the process (29) is somewhat overparametrised, we further assume that 01 =ρ  and consider a 

process in the form 
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for which the condition for stationarity is 
b

b
−
−>>

1
20 ρ . Now we can construct a test of a unit root 

against a stationary alternative of an LSTAR type that will consist in testing for H0: 0=ρ  against H1: 

0<ρ  by utilizing the standard t statistic for the parameter ρ . As under H0 the parameters b and γ  are 

                                                 
7
 The assumption can be easily relaxed leading to a bit more complicated and by far more computationally 

intensive testing procedure. However, we notice that the assumption seems to be quite natural in cointegration 

analysis, where there can be expected that an adjustment process behaves differently for negative and positive 

deviations from a long-term value or, alternatively, for negative and positive increments. Examples of such 
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unidentified, to overcome the so-called nuisance parameters problem we suggest adopting the idea of 

Kiliç and de Jong R. (see [14]), and define a test statistic in the form 

),(ˆinfinf 0
),(

γρ
γ

btt
Bb

=
Γ×∈

= ,   (33) 

which takes the lowest possible value over a space of relevant values for b and γ , i.e. ),( bbB =  and 

),( γγ=Γ . We notice that a natural choice for the interval B is (-1, 1), which includes also the linear 

autoregression case. Due to this we might expect significant power gains over the standard Dickey-

Fuller test
8
. As previously, the equation (32) can be augmented with lagged differences of zt. 

 

4. Empirical example 

 

In our empirical example we model the U.S. Dollar and Euro exchange rates with the help of linear 

long-term relationships with a possibly nonlinear adjustment. A nonlinear adjustment process enables 

taking into account different lengths of overvaluation and undervaluation periods or different forms of 

the adjustment with regard to the size of deviations from parity. Moreover, it makes it possible to 

explain the observed long-lasting misalignment of exchange rates with the economic fundamentals 

(comp., for example, [4] and [7]). This misalignment is called in the literature an “exchange rate 

disconnect puzzle” and was coined by Obstfeld and Rogoff (see [19]). The exchange rates considered 

come from national banks of two Central European countries willing to enter the Euro zone – the 

Czech Republic and Poland. We concentrate on the sticky-price monetary model in the form 

t
e
t

e
t

r
ttttttt rryymms r ηππααααα +−+−+−+−+= ∗∗∗∗ )()()()( 43210 ,  (34) 

where m and y are the natural logarithms of the domestic stock of money and real income, 

respectively, r
tr  is the short-term real interest rate, e

tπ  stands for the expected inflation rate and an 

asterisk denotes corresponding variables in the foreign country
9
. 

The data used in this study were obtained from three sources: the Czech National Bank, the 

National Bank of Poland and the IMF’s International Financial Statistics database. The data are 

monthly and span the period 1998.01-2005.07, which gives the total of 91 observations. Inflationary 

expectations were proxied using inflation rates over the preceding three months, calculated on the 

yearly basis. Changes in the appropriate Consumer Price Indices were used as measures of inflation. 

The short-term interest rate is the three-month money market rate. Real interest rates were computed 

according to the well known formula 1)1/()1( −++= πrr r . The monetary aggregate used is M1, 

while the income measure is the monthly index of industrial production. The indices of industrial 

                                                                                                                                                         
cointegrating regressions can be the present value relationship or the relationship between short- and long-term 

interest rates.  
8
 The power evaluation of the test is currently under investigation. 

9
 Comp., for example, [18]. 
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production, money supply, inflationary expectations as well as nominal exchange rates were 

seasonally adjusted with the help of the additive version of the moving average method. The exchange 

rates, output and money were transformed into logarithms. Further in the text we use the following 

abbreviations: czk_eur, czk_usd, pln_eur, pln_usd stand for the appropriate exchange rates, p_cz_ea, 

p_cz_usa, p_p_ea, p_p_usa denote the relative industrial productions (logarithms of the ratio of 

industrial productions), where cz stands for the Czech Republic, p for Poland, ea for Euro area and usa 

for the United States. Further, in the same manner we denote the relative money supplies: m_cz_ea, 

m_cz_usa, m_p_ea, m_p_usa, real interest rate differentials: rr_cz_ea, rr_cz_usa, rr_p_ea, rr_p_usa 

and inflation differentials: i_cz_ea, i_cz_usa, i_p_ea, i_p_usa. 

In the first step we tested our series for stationarity with the standard ADF test. The results (see 

Table 1) indicate that all series are I(1) variables, except maybe for the inflation rate differentials for 

the Czech Republic that can also be treated as stationary. 

Table . Results of the ADF unit root tests 

Variable ADF statistic for levels (augmentation) ADF statistic for first differences 

(augmentation) 

czk_eur -1,108 (1) -12,239 (0) ** 

czk_usd -0,784 (0) -10,453 (0) ** 

pln_eur -2,263 (1) -7,502 (0) ** 

pln_usd -1,453 (0) -9,003 (0) ** 

p_cz_ea 1,472 (5) -6,072 (4) ** 

p_cz_usa 0,686 (5) -5,719  (4) ** 

p_p_ea 0,259 (2) -11,921 (1) ** 

p_p_usa -0,435 (3) -5,853 (2) ** 

m_cz_ea -0,772 (0) -10,380 (0) ** 

m_cz_usa -0,499 (0) -10,547 (0) ** 

m_p_ea -1,588 (1) -11,954 (0) ** 

m_p_usa -1,069 (1) -12,050 (0) ** 

rr_cz_ea -2,264 (5) -5,393 (4) ** 

rr_cz_usa -1,961 (3) -11,521 (2) ** 

rr_p_ea -2,454 (3) -7,413 (2) ** 

rr_p_usa -2,764 (3)  -7,475 (2) ** 

i_cz_ea -2,871 (7)  -4,050 (6) ** 

i_cz_usa -3,015 (7) * -3,981 (6) ** 

i_p_ea -2,415 (3) -7,552 (2) ** 

i_p_usa -2,805 (3)  -7,810 (2) ** 

The tests allow for a constant, but not a trend in the testing equations. The augmentation was based on the Ljung-

Box statistics. Critical values for the ADF tests for T = 90 are: -2,584 (10%), -2,894 (5%), -3,504 (1%).  

 ‘*’ and ‘**’ denote rejection of the null hypothesis at the 5% and 1% significance levels, respectively.  

 

In the next step we estimated the models (34) by the DSUR (dynamic seemingly unrelated 

regressions) method. We performed this estimation for 2 two-equation systems, each of which 

consisted of one equation for Euro and one equation for Dollar for a particular country. The estimation 

outputs are given in Table 2. To check the long-run validity of the estimated relationships, firstly we 

executed the ADF test on dynamic SUR residuals of the estimated models. In what follows we use the 

additional abbreviations: res_czk_eur, res_czk_usd – residuals from Model 1 and res_pln_eur, 

res_pln_usd – residuals from Model 2. The results of the linear cointegration test are presented in 

Table 3.  
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Table 2. Estimation outputs for the potential long-term relationships 

Regressors  

Dependent variables 
Output differential Money supply 

differential 

Real interest rate 

differential 

Inflation 

differential 

czk_eur -0,14801 

(0,39705) 

-0,16638 

(0,26788) 

0,00392 

(0,00793) 

0,03996 

(0,03593) 

Model 1 

czk_usd -1,83240 

(0,50737) 

0,24145 

(0,25056) 

0,01290 

(0,00779) 

0,03242 

(0,04654) 

pln_eur -0,01239 

(0,18859) 

0,46977 

(0,32861) 

-0,01111 

(0,00490) 

0,00807 

(0,01216) 

Model 2 

pln_usd -1,12291 

(0,73398) 

0,95392 

(0,66910) 

0,02906 

(0,01920) 

0,12078 

(0,08920) 

Figures in parenthesis are standard errors. To save space we do not report constant terms. 

Table 3. Results of the linear cointegration test 

Variable ADF statistic (augmentation) 

res_czk_eur -3,270 (0) 

res_czk_usd -4,758 (0) ** 

res_pln_eur -2,808 (0) 

res_pln_usd -2,902 (0) 

Critical values for the ADF test for T = 90 and 4 regressors are: -4,250 (10%), -4,571 (5%), -5,207 (1%). ‘*’, 

‘**’ denote rejection of H0 at the 5% and 1% significance levels, respectively. 

 

As we pointed out in the methodological part of the paper, the standard testing methodology is not 

valid any longer if adjustment processes are of nonlinear nature. Due to this we executed our F tests of 

the hypothesis of a linear unit root. The results are summarized in Tables 4 and 5. 

Table 4. Results of the nonlinear cointegration test with zt-  as the transition variable 

Variable F statistic t statistic for the last parameter (p-value)

Panel 1: test equation tttttt zzzzz εαααα ++++=∆ −−−−−
4

14
3

13
2

12111 , 4EGF  statistic 

res_czk_eur 5,070*** 1,265 (0,209) 

res_czk_usd 5,572*** 0,196 (0,845) 

res_pln_eur 3,951** 2,237 (0,028) 

res_pln_usd 3,556 0,700 (0,286) 

Panel 2: test equation ttttt zzzz εααα +++=∆ −−−−
3

13
2

12111 , 3EGF  statistic 

res_czk_eur 6,182** -2,367 (0,020) 

res_czk_usd 7,504*** -0,535 (0,594) 

res_pln_eur 3,103 -1,204 (0,218) 

res_pln_usd 4,660* -1,148 (0,234) 

Panel 3: test equation: tttt zzz εαα ++=∆ −−−
2

12111 , 2EGF  statistic 

res_czk_eur 6,131 1,227 (0,223) 

res_czk_usd 11,209*** 1,212 (0,204) 

res_pln_eur 3,909 -0,154 (0,878) 

res_pln_usd 5,995 1,668 (0,116) 

Critical values for tests in Panel 1: 4,706 (1%), 3,948 (5%), 3,574 (10%); critical values for tests in Panel 2: 

6,187 (1%0, 5,161 (5%), 4,648 (10%); critical values for tests in Panel 3: 9,031 (1%), 7,477 (5%), 6,715 (10%). 

The critical values were obtain by simulating 100000 regressions on de-meaned independent random walks. ‘*’, 

‘**’, ‘***’ denote rejection of H0 at the 10%, 5% and 1% significance levels, respectively. 
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Table 5. Results of the nonlinear cointegration test with ∆∆∆∆zt-  as the transition variable 

Variable F statistic t statistic for the last parameter (p-value)

Panel 1: test equation ttttttttt zzzzzzzz εαααα +∆+∆+∆+=∆ −−−−−−−−
3

114
2

113112111 , ∆
4EGF  statistic 

res_czk_eur 7,578*** 3,048 (0,003) 

res_czk_usd 5,8781*** 0,307 (0,760) 

res_pln_eur 2,059 0,686 (0,495) 

res_pln_usd 2,539 0,928 (0,356) 

Panel 2: test equation ttttttt zzzzzz εααα +∆+∆+=∆ −−−−−−
2

113112111 , ∆
3EGF  statistic 

res_czk_eur 6,356*** -2,833 (0,006) 

res_czk_usd 7,764*** -0,006 (0,995) 

res_pln_eur 2,605 -0,178 (0,860) 

res_pln_usd 3,103 0,428 (0,670) 

Panel 3: test equation: ttttt zzzz εαα +∆+=∆ −−−− 112111 , ∆
2EGF  statistic 

res_czk_eur 5,086 -0,828 (0,410) 

res_czk_usd 11,790*** 1,427 (0,157) 

res_pln_eur 3,939 0,210 (0,834) 

res_pln_usd 4,608 1,488 (0,141) 

Critical values for tests in Panel 1: 4,833 (1%), 4,102 (5%), 3,716 (10%); critical values for tests in Panel 2: 

6,289 (1%0, 5,300 (5%), 4,793 (10%); critical values for tests in Panel 3: 9,132 (1%), 7,622 (5%), 6,859 (10%). 

The critical values were obtain by simulating 100000 regressions on de-meaned independent random walks. ‘*’, 

‘**’, ‘***’ denote rejection of H0 at the 10%, 5% and 1% significance levels, respectively. 

 

 Interestingly, according to our testing procedure, 3 out of 4 relationships can be treated as 

cointegrating regressions. In the case of the Euro equation for the Czech Republic we found an 

evidence on the existence of ESTR cointegration, while in the case of the USD equation the testing 

procedure outlined in Section 3 leads to linear cointegrating, being in accordance with the result of the 

Engle and Granger test. In the case of the Euro equation for Poland we conclude that LSTR 

cointegration might be present (with a more mean-reverting behavior in the first regime). We executed 

also the ECM-based tests. Their results were similar but somewhat worse as the number of estimated 

parameters was greater. For this reason we do not present them here. We comment only that in the 

case of the FNEC tests there exists a kind of a trade-of between estimating more parameters and 

fulfilling the COMFAC restrictions. Due to this we recommend to perform them jointly with the FNEG 

tests. 

 The empirical example presented above shows the potential usefulness of the suggested testing 

procedure which can be applied to study many other phenomena like, for example, the present value 

relationship, the term structure of interest rates, money demand or business cycles asymmetry. In the 

case of exchange rates it makes it possible to explain the exchange rate disconnect puzzle, which can 

be solved by considering nonlinear adjustment process of a STAR type. Similarly, many other 

macroeconomic or financial hypotheses can be revisited. This will be analyzed in our future work. It is 
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worth noticing that our tests are simple to perform in standard econometric packages and do not 

require any new sophisticated software.  

 

5. Conclusions 

 

The investigation of nonstationarity in conjunction with nonlinearity plays a prominent role in 

recent econometric studies. As standard unit root and cointegration tests lack their power and show 

serious size distortions when nonlinearities are involved, there is a need to develop new statistical 

tests, which might be helpful to find long-term relationships where linear-based tests fail. Our LSTR 

and joint LSTR and ESTR cointegration tests inscribe to this strand of research. 

Our empirical investigation concerning the monetary approach to exchange rate determination 

enables to explain the observed long-lasting misalignment of exchange rates with economic 

fundamentals. Our explanation of this misalignment relates to the presence of nonlinear adjustments 

which can be effectively described by logistic and exponential smooth transition autoregressive 

processes. 
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